
Review of Limits

Suppose y = f(x) is given by the graph
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Compute the limits:

lim
x→3−

f(x) =

lim
x→3+

f(x) =

lim
x→3

f(x) =



E.g. Compute lim
x→5

2x

3− x



Two Key Ideas

• 1
a smaller positive is a bigger positive

• 1
a smaller negative is a bigger negative

E.g. lim
x→0+

1

x
E.g. lim

x→0−

1

x



E.g. Compute lim
x→3−

2x

3− x



Limits and Eventual Behavior

Consider the function
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Compute the limits:

lim
x→∞

f(x) =

lim
x→−∞

f(x) =



Thinking about Infinite Limits

lim
x→∞

5 + x

1 + x



Underdetermined Limits

Limits of type ∞∞ and type 0
0 are underdetermined.

lim
x→∞

2x2

3x

lim
x→∞

2x

3x2

lim
x→∞

2x

3x



More Complicated Underdetermined Limits

E.g. What is lim
x→

x · ln(x)
x2



L’Hopital’s Rule for Underdetermined Fractions

If lim
x→a

f(x)

g(x)
is type 0

0 or ∞∞ , then

lim
x→a

f(x)

g(x)
= lim

x→a

d
dx

[
f(x)

]
d
dx

[
g(x)

]
as long as the right hand side exists



E.g. Compute lim
x→1−

ln(x)

x− 1



E.g. Compute lim
x→1−

x− 1

2x



E.g. Compute lim
x→∞

ex

x2



E.g. Compute lim
x→∞

ln(x)
3
√
x



Comparing Rates of Growth

Suppose that f(x) and g(x) both go to ∞ as x→∞.

Define: f grows faster than g (written f � g)

⇐⇒ lim
x→∞

f(x)

g(x)
=∞

⇐⇒ lim
x→∞

g(x)

f(x)
= 0

Eg. We showed above that lim
x→∞

ln(x)
3
√
x

= 0.

It follows that 3
√
x� ln(x).



To see what 3
√
x� ln(x) means, consider the graph of both functions.
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y=ln(x)

y= 3√x

Although ln(x) starts out growing faster,
eventually 3

√
x takes over and grows faster in the long run.



Our last example comes from the theory of algorithms.

Which grows faster: n2 or n log(n)?


